In 1813, Cauchy2 gave the first proof of the theorem that two closed convex polyhedra in three-dimensional space are congruent if their faces are congruent in pairs and are joined to each other in the same order: in effect, the a priori possibility of rotations of the faces about the edges-which are obviously seen to be possible for some easily constructed open polyhedra-cannot occur for closed convex polyhedra.
In 1813, Cauchy2 gave the first proof of the theorem that two closed convex polyhedra in three-dimensional space are congruent if their faces are congruent in pairs and are joined to each other in the same order: in effect, the a priori possibility of rotations of the faces about the edges-which are obviously seen to be possible for some easily constructed open polyhedra-cannot occur for closed convex polyhedra.
Cauchy's proof was based on two lemmas, one metric, the other topological in character. The proofs of both lemmas were criticized because Cauchy overlooked certain exceptional circumstances in proving preliminary lemmas. More than a hundred years passed before correct, but rather long and complicated, proofs were given by Steinitz (see the books of Steinitz and Rademacher,4 and of Hadamard,3 who credits Lebesgue with the first correct proofs). However, it is rather easy to give proofs that are essentially the same as those of Cauchy but which take care of the two details overlooked by him.
The topological Lemma T refers to nets that form the boundaries of a simple covering of a sphere by polygons, or, in other words, the net of edges of a triangulation of the sphere; however, no face polygons are permitted that have only two edges. It is supposed that the edges of such a net are divided into three groups distinguished from one another by giving signs +,-, or 0 to the edges of each of the groups. An index j is assigned to each vertex by making one complete circuit about it and counting the number of sign changes in the edges going out of it from + to -, or -to +, while ignoring the signs 0. It is assumed that j = 0 at a vertex only if all edges on that vertex are marked with zeros. It is also assumed that either j = 0, or j . 4 holds at all vertices of the net. The topological Lemma T then states that j = 0 necessarily holds at all vertices, or, in other words, that no edges marked with + or -can occur under the circumstances postulated. (This is the author's version of the lemma, rather than Cauchy's; it is less general than Cauchy's, but sufficient for the purposes in view, and easier to prove.) The proof uses Euler's formula for the characteristic of the sphere in terms of a triangulation, together with simple properties of manifolds.
A dual Lemma T' is an easy consequence of T, provided that the net is such that at least three edges emanate from all vertices. This lemma refers to an index j defined with respect to circuits around faces, rather than vertices, in the obvious way. It states, in the analogous circumstances, that j = 0 must hold for all faces.
The uniqueness theorems for polyhedra to be formulated here are proved by showing that the net of the edges of any such polyhedron can be divided into three groups such that the metric properties at each vertex of the polyhedron give rise to an assignment of its edges to one of these groups. This is done by isolating the vertex with its faces from the rest of the polyhedron and considering deformations of it that are permitted under various circumstances. It is then to be shown that j 2 4 holds at every vertex unless no deformation of the vertex in space occurs, in which case j = 0 holds. It follows then from Lemma T (or sometimes from Lemma T') that j = 0 everywhere, and this in turn should mean that the polyhedron cannot be deformed. A. D. Alexandrovl has shown that this procedure due to Cauchy can be applied in a wide variety of circumstances, going far beyond the case considered by Cauchy, to prove many new and interesting uniqueness theorems for convex polyhedra. The purpose of this paper is to state other such theorems, which include nonconvex polyhedra, polyhedra with boundaries, and polyhedra that are not simply connected but might rather have any connectivity, and which can be proved by using Cauchy's basic idea.
All of these theorems require lemmas of a metric character that hold by virtue of the specific geometric assumptions that are made at each of the vertices in space of the polyhedra. It is, however, sufficient for all purposes here to work with metric lemmas that refer to spherical and to plane closed convex polygons. How they are used for polyhedra will appear later. These lemmas are:
LEMMA M1. Two closed plane or spherical convex polygons P1, P2 are given. Their sides are in one-to-one correspondence such that when traversed in the same sense, pairs of corresponding sides, as they come up, are equal in length. The corresponding interior angles are compared in magnitude, and on P1 are marked with signs +, -, or 0 according to whether those of P2 are larger, smaller, or the same as those of P1. The index j of sign changes is therefore defined for the polygon. The conclusion is: j > 4 holds unless all angles are equal, i.e., unless all angles of P1 are marked with zeros. Or, in other words, j 2 4 holds unless Pi and P2 are congruent.
LEMMA M2. This lemma refers only to pairs of convex spherical polygons in which the interior angles are assumed to be equal in pairs, and arranged in the same order. An index j is now defined for the polygons by comparing lengths of sides. Again j > 4 holds unless all pairs of corresponding sides are equal in length, and hence the polygons are congruent.
LEMMA M3. This lemma is like M2, but refers to pairs of plane convex polygons. Thus the interior angles of the two polygons are assumed to be equal in pairs, and an index j is defined by comparing lengths of corresponding sides. It is now not true that j > 4 must hold unless the polygons are congruent, since similarity transformations, for example, exist in the plane.
A. D. Alexandrov,l however, proved that a lemma analogous to M2 will hold for plane convex polygons if an additional assumption is made, i.e., that neither of the two polygons can be placed inside of the other by a rigid motion unless they are congruent. In that case it is again true thatj > 4 holds for the number of sign changes with respect to lengths of sides, unless the polygons are congruent.
Cauchy proved his theorem on the uniqueness of closed convex polyhedra with the aid of Lemmas T and Ml, as follows. A pair of corresponding vertices V1, V2 of two closed convex polyhedra having faces congruent in pairs and joined in the same way are considered. Unit spheres centered at the apex of each of the vertices V1, V2 are taken, and their intersections with the faces forming the vertices are considered. These are closed convex spherical polygons P1, P2 that satisfy the conditions of Lemma M1 by virtue of the fact that the corresponding interior angles of faces of the polyhedra are equal, and this means equality in length of the corresponding sides of P1 and P2. On the other hand, the interior angles of P1 and P2 are obviously equal to the dihedral angles of V1 and V2. The Lemma M1 thus is equivalent to saying that any deformation of V1, say, that preserves its face angles, results in at least four changes of sign in the magnitudes of the dihedral angles. After any deformation of a polyhedron, signs can thus be given to its edges in accordance with the change in the dihedral angle at each edge. The net of edges of a convex polyhedron forms a triangulated manifold homeomorphic to the sphere and j . 4 holds at all vertices unless the dihedral angles are all equal. Thus Lemma T applies, and therefore all dihedral angles remain unchanged. Finally, since the corresponding faces of the polyhedera are congruent, it follows at once that the two polyhedra are congruent: to this end one need only start with two corresponding faces placed in coincidence and imagine the remaining faces to be added one by one.
It is of interest to note that what Cauchy really proved in this way was not basically a theorem on the congruence of the two polyhedra, but rather he gave a proof of what might reasonably be called their isogonality, since he shows in the first instance that equality of the face angles, together with convexity, suffices to fix the dihedral angles uniquely. The author's point of view here is that isogonality is indeed the basic property to be studied, with congruence as an additional property that follows under further appropriate hypotheses. In addition, to assume convexity is also not an absolute essential, in spite of the fact that Cauchy's theorem is easily seen not to hold in general if deformations are permitted that cause convex vertices to become nonconvex. (An easy example is that of a convex polyhedron containing a vertex in the form of a pyramid with a plane base; a reflection of the pyramid in the base leaves all face angles intact but changes dihedral angles and causes a loss of convexity.) The author has found, however, that one special type of nonconvex vertex can be allowed in polyhedra that nevertheless permits the use of the above lemmas to derive uniqueness theorems. The type of vertex in question is called a saddle vertex, in contrast to the convex vertices that figure in Cauchy's theorem (and also in all of the extensions given by Alexandrov). It is a vertex made up of exactly four faces so arranged as to create two ridges and two valleys (and thus qualitatively it is like a regular surface in the neighborhood of a point of negative Gaussian curvature). Thus the dihedral angles would be alternatively < 7r and > 7r in value; it is assumed also that the four face angles are < 7r in value. In addition, it is assumed that the spherical image of the vertex is a convex spherical polygon. The spherical image of any polyhedral vertex is defined in the expected way: normals to the faces are transported parallel to themselves to a point, brought to an intersection with a unit sphere centered at the point, and these points on the sphere are joined by great circle arcs in the same order as the normals occur on making a circuit around the polyhedral vertex. For convex vertices the spherical image is always convex. For saddle vertices conditions can be given that ensure the convexity of the spherical image. (It might be noted that the orientation of the spherical image polygon is opposite to that of the saddle vertex, as one would expect.) The spherical image for either type of vertex is such that its sides are fixed in length by the dihedral angles of the vertex, its interior angles by the face angles of the vertex.
For the extensions of Cauchy's uniqueness theorem to nonconvex polyhedra that are built up of convex and saddle vertices, Cauchy's basic assumption of convexity of the vertices in any deformation is replaced here by the assumption that all vertices remain of convex or of saddle type, just as they were originally; as a consequence, it is to the spherical images of these vertices that the metric lemmas are applied here rather than to the polyhedral vertices themselves, as Cauchy did. In fact, for saddle vertices Cauchy's argument could not be used since the dihedral angles of such a vertex either all increase, or all decrease, in any deformation that preserves the face angles, and hence j = 0 holds when two such vertices are not congruent. But for their convex spherical images that is not the case, and this makes it possible to deal with saddle vertices by fixing signs to the edges in accordance with changes of length of the corresponding sides of the spherical image when its interior angles are fixed. Thus Lemma M2, rather than Lemma M1, comes into play.
Cauchy does not formulate Lemma M2, but it would seem to be a more basic lemma than M1 for the following reason. If one were to consider nets of geodetically convex polygons covering domains in the elliptic, Euclidean, or hyperbolic geometries, an interesting uniqueness theorem based on Lemma M2 (which also holds in hyperbolic geometry), and on Lemma Ms for the Euclidean plane, can be proved. It is that any such nets that form manifolds with boundaries that are disjoint, simply connected closed geodetic polygons are uniquely determined within motions if all interior angles are prescribed and if the lengths of the sides of the boundary polygons are also prescribed. In the Euclidean plane, but not in the other two geometries, it is necessary to postulate in addition that no deformed polygon could by a rigid motion be made to lie inside the original; for example, it would suffice to prescribe the area, or the perimeter, of all polygons. Thus, fixing the angles fixes the lengths of all sides. In particular, a complete covering of the sphere by convex polygons (that is, no boundary polygons exist) is uniquely determined within rigid rotations. (This is, in fact, equivalent to Cauchy's isogonality theorem.) However, this would not be true if the lengths of the sides, rather than the interior angles, were to be prescribed.
As was remarked above, it is the property of isogonality that is of major importance to the discussion here. Conditions will now be described under which a quite general class of polyhedra (which includes as a very special case the closed convex polyhedra) will have this property. The polyhedra in question are defined as the continuous image in space of a fixed triangulated domain of the sphere, such that each polygon on the sphere is the one-to-one image of a plane convex face of the polyhedron. Open polyhedra are permitted, but the boundaries of the polyhedra in space are assumed to be disjoint, simple closed space polygons such that each such component of the boundary is the topological image of the boundary of some polygon on the sphere. The net of edges of an open polyhedron is thus the image of a net on the sphere that forms a triangulation of the sphere; however, the boundaries of certain polygons on the sphere may correspond to "holes" in the polyhedron rather than to faces of it. The character of a vertex, whether of convex or of saddle type (no others are permitted), is assigned once for all to the vertices of the triangulation on the sphere; at a vertex on a boundary the character of a vertex is fixed by adding as a face the plane sector between the two edges of the boundary curve that contain the vertex, but only convex vertices are permitted at the boundary. The interior angles of the faces of the polyhedron are prescribed. It is only natural that conditions must be imposed at boundaries in order to ensure isogonality. These are of two kinds, both referring to the specification of angles. One condition is that the angle at a vertex formed by successive edges in a boundary be prescribed; the other is that the angle between each pair of planes defined at a pair of successive vertices in the boundary, by the boundary edges at these vertices (that is, the angle between adjacent "faces" that are imagined as added in order to complete the boundary vertices), also be prescribed. (It is as though the "curvature" and the "torsion" of the space polygon forming a boundary are both prescribed-but not the lengths of the sides. If the side lengths were prescribed in addition, the boundary polygons would evidently be determined uniquely within motions.) The following isogonality theorem then holds: THEOREM 1. All polyhedra satisfying the above conditions are isogonal.
A corollary of Theorem 1 follows at once: COROLLARY 1. If to the assumptions of Theorem 1 is added the assumption that the lengths of all sides of the polyhedron are prescribed, it then follows that the polyhedra are determined uniquely within motions. In particular, Cauchy's theorem is proved (since no boundaries occur, the stipulations referring to them are ignored in this case).
It should be observed that Theorem 1 holds without the assumption that the mapping from the sphere to a polyhedron is a topological mapping. Thus selfintersections, if regarded as geometrically reasonable, can be permitted. (For Cauchy's case, however, although only the local convexity of each vertex is used, it is a fact that a closed polyhedron with this property is automatically convex in the large, and hence homeomorphic to the sphere.) It is of interest also to give an example of a nonconvex polyhedron to which Theorem 1 and its corollary apply. Figure 1 indicates a closed polyhedron topologically equivalent to the sphere that is made up of convex and saddle vertices, and hence it represents a case in point. Evidently, much more complicated examples of the same sort could be built up.
Corollary 1 is susceptible of a broad generalization. The following theorem can be proved: THEOREM 2. Polyhedra satisfying the conditions of Theorem 1 are considered; they therefore remain isogonal in any deformations that occur. It is now assumed (1) that the lengths of any boundary edges that occur are prescribed, and (2) that no pair of corresponding faces of any two polyhedra that result by a deformation can be placed so that one lies inside the other (unless they are congruent). It follows under these circumstances that the polyhedron is uniquely determined within motions.
The proof makes use of the Lemma M3, due to Alexandrov, together with another appeal to the topological lemmas.
It should be observed that Theorem 2 generalizes Cauchy's theorem not only by permitting nonconvex and open polyhedra, but also by requiring far less for congruence (once isogonality occurs) than the fixing of the lengths of all sides; it suffices to prescribe the area, or the perimeter, of the faces, for example. It might be noted too that if the polyhedra have boundaries, then each of the boundary components is a rigid configuration, but separate components are not assumed to be fixed rigidly, relative to each other.
Alexandrov introduced the Lemma M3 in order to derive theorems on the congruence of convex polyhedra when the normals on all faces were prescribed, together with the same condition on the faces as in Theorem 2, but seems not to have noticed that the same lemma leads to a wide generalization of Cauchy's theorem. In fact, if the normals on the faces are prescribed, it is clear that the polyhedra in question are from the outset isogonal, and hence Theorem 2 applies. This kind of uniqueness question stems from Minkowski. tion of the latter. The answer is in the negative. However, the following theorem that is a kind of dual to Cauchy's theorem (which is a special case of Corollary 1) on the congruence of convex polyhedra holds: THEOREM 3. Closed polyhedra satisfying the conditions of Theorem 1 are considered, but the dihedral angles are prescribed. In addition, the lengths of all edges are prescribed. It then follows that all such polyhedra are congruent.
The proof of the theorem makes use of Lemma M1 as applied to the spherical images of the vertices of the polyhedron, and also as applied to the plane convex polygons making up its faces, followed by the application of Lemma T' to an auxiliary net on the sphere that is constructed in a special way from the original net.
Finally, some further uniqueness theorems are possible which refer to polyhedra of higher genus. For the sake of brevity it will be assumed that the lengths of all edges are prescribed, so that the faces remain congruent to themselves in any deformation. (Isogonality theorems would also be possible.) Such polyhedra of higher genus are all obtained by fitting together certain types of polyhedra having holes, but which are such that each one of the pieces is rigid without the necessity of prescribing constraints at the boundaries of the holes. A. D. Alexandrovl in his book points out one quite interesting case of this kind, i.e., a polyhedron built up of convex vertices but with a single hole (which if filled in would yield a polyhedron homeomorphic to the sphere) with a special property, i.e., the hole should be such that no interior vertex is joined to the boundary by more than one edge. However, the author has found that it is possible to construct rigid polyhedra with any number of holes if the holes are properly constructed. What is required to achieve this is that each hole be provided with an appropriate reinforcing rim. Two different kinds of rims that serve this purpose are possible. One kind might be described as a collar; it is made by attaching to a hole an open convex "cylindrical" polyhedron formed by edges at the vertices of the hole that are parallel (see Fig. 2 ). An open polyhedron with any number of such collars which satisfies otherwise the conditions of Theorem 2 (except that no boundary conditions need be imposed at the holes formed by the open ends of the collars) is uniquely determined within motions. Another type of rim leading to the same property is obtained in the case of a hole in the original undeformed polyhedron which is bounded by a plane convex polygon which, if filled in, would make each boundary vertex of the polyhedron convex. The stiffening rim is obtained by attaching to the hole faces that lie in its plane, with one new edge leading out from each vertex of the hole to form an articulated plane ring (see Fig. 3 ). There are a variety of circumstances in which such articulated rims stiffen the polyhedron so that it remains congruent to itself without any constraints at the edge of the new hole.
To construct polyhedra of higher genus that are undeformable when their faces are prescribed, it suffices, for example, to take polyhedra with the right kind of holes PROC. N. A. S. and fit them together with appropriate tubes. Such a tube is shown in Figure 4 .
It has two open ends which are to be fitted into holes, but is such that if the holes are filled in, the polyhedron would be homeomorphic to the sphere; evidently much more complicated tubes, or sleeves, of the same sort could be built up of convex and saddle vertices. Such sleeves would be deformable in general if no conditions were to be imposed at the boundaries. However, if they are fitted into the rims of polyhedra that are made undeformable by their rims, the sleeves also become undeformable, by virtue of Theorem 2, since their boundaries are rigid polygons. Figure 5 shows schematically two possibilities. The polyhedron of the type of a torus shown at the left could be built by fitting a sleeve into plane reinforcing rims at two holes in a convex polyhedron. The case (b) could, for example, be realized by using reinforcing collars to which sleeves are fitted. Evidently undeformable polyhedra of any desired genus could be constructed along the same lines.
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